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ABSTRACT

Lopez Gutierrez, Diego Fabrizio B.A., Macalester College, April 16 2021. Automatic
Leptonic Tensor Generation for Beyond the Standard Model (BSM) Theories. .

With the development of the Deep Underground Neutrino Experiment (DUNE)

and Tokai-to-Hyper-Kamiokande (T2HK), we are entering the era of high-precision

neutrino measurements. The colossal output of data from DUNE, plus the current

data from several other neutrino experiments, will require a fast and efficient method

of testing our BSM models in event generators. However, current methods for imple-

menting a BSM theory in the event generators are prone to errors and time-consuming.

We propose a novel program capable of automatically calculating the leptonic tensor

for a given quantum field theory Lagrangian. This program is written in Python

and utilizes the Universal FeynRules Output (UFO) format, the Lark package, and

the Berends-Giele recursive relations to produce leptonic tensors that can be au-

tomatically implemented in several neutrino event generators, including those rele-

vant for DUNE. For this project, we tested our algorithm with three SM processes:

e−p+ → e−p+, νeνµ → e−µ+ and νep
+ → νep

+. For each process, we calculated the

numerical and analytic |M|2 and σ that we plotted as functions of cos θ and ECM ,

respectively. The numerical results for e−p+ → e−p+ and νep
+ → νep

+ show good

agreement with the analytic results with a cross section numerical to analytic ratio

of ∼ 1 and ∼ 0.9, respectively. The process νeνµ → e−µ+ shows deviations from the

analytic values with a numerical to analytic ratio of ∼ 1.5. We believe this deviation

stems from inconsistencies in the helicity sum of our program and will investigate this

effect further. For the future, we will be correcting these deviations and testing more

complex SM processes as well as some BSM theories.
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1

1. Introduction

The Standard Model (SM) is our most accurate physics theory capable of describing

three of the four known fundamental forces of nature along with their corresponding

particles. However, the SM is an incomplete theory as it does not include gravity and

it fails to explain dark matter, dark energy, and a variety of other phenomena. For

example, the SM predicts that only left-handed massless neutrinos exist, contradicting

experimental evidence of massive neutrinos via neutrino oscillations as reported by the

Super-Kamiokande [1], SNO [2] and KamLAND [3] experiments. Since then, several

experiments have found anomalies regarding the behavior of neutrino oscillations at

short-baselines, hinting at the existence of a fourth type of neutrino that is sterile to

any SM interactions [4–10]. To explain the phenomena of neutrino oscillations, the

origin of its mass, the existence of a possible sterile neutrino and other interesting

experimental evidence, scientists develop Beyond the Standard Model (BSM) theories.

However, many BSM processes are too complex to be evaluated by hand. Instead, we

rely on event generators such as Genie [11], NuWro [12], NEUT [13], and GiBUU [14,

15] to obtain predictions that we can then compare to experimental data.

Within the next decade, we are entering an era of high-precision neutrino studies.

The neutrino community will be enriched with colossal amounts of data coming from

the Deep Underground Neutrino Experiment (DUNE) [16] and the Tokai-to-Hyper-

Kamiokande (T2HK) [17] collaborations. The unprecedented number of neutrino

events coming from these two experiments, plus the data that we already have from

experiments such as MicroBooNE [18], will allow for the testing of several BSM

theories. However, the current method of manually implementing a BSM theory into

an event generator is inadequate. The manual implementation process is prone to

errors due to the different code conventions of each event generator, which inevitably

lead to human errors, and is time-consuming given that the user has to repeat all the

11

Lopez Gutierrez: Automatic Leptonic Tensor Generation for BSM Theories

Published by DigitalCommons@Macalester College, 2021



2

work for each BSM model. Due to these setbacks and because of the large number

of theories to be tested, this current process becomes infeasible. Instead, we propose

an algorithm that automates the testing process.

Event generators calculate Feynman diagram amplitudes from a set of input mo-

menta. These amplitudes are closely related to experimental observables such as

decay widths and cross sections. For the neutrino interactions we are considering,

we can always decompose the amplitudes into two quantities: the leptonic and the

hadronic tensor. Any effects of BSM physics that are present in the hadronic tensor

would be discovered by experiments such as the Large Hadron Collider (LHC) before

being detected at DUNE or T2HK. Consequently, for DUNE and T2HK, it is most

useful to focus on analyzing the leptonic tensor instead. We propose a novel program

that automates the implementation of BSM theories in event generators by automat-

ically calculating the leptonic tensor of the theory given its Lagrangian. Moreover,

our algorithm can be easily interfaced to several neutrino event generators. The pro-

gram relies on the Universal FeynRules Output (UFO) file [19] as well as the Lark

package [20] and the Berends-Giele algorithm [21]. Before we dive into the details of

the program, let us review some particle physics and quantum field theory concepts.

The following background information is based on Refs. [22–24] as well as this au-

thor’s personal notes. For more information, the reader is encouraged to review those

textbooks.

1.1 Cross Sections

To study the properties of particles and their interactions, we must rely on exper-

imental observables, quantities that can be measured and that will tell us something

about a given event. Among these observables are cross sections and decay widths,

which can be measured in particle physics experiments by colliding particles with

each other or analyzing their decays. In this section, we will only focus on the cross

section.

12
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To study particle collisions, we must understand how particles scatter off of each

other. Let us briefly review particle scattering theory. Imagine we have a target (i.e.

scattering center) and an incident particle with impact parameter b. Our incident

particle has energy E and, after scattering off the target, will emerge at some scat-

tering angle θ. In general, we can think of particles going through an infinitesimal

dσ of a cross sectional area and scattering off into an infinitesimal solid angle dΩ as

shown in Fig. 1.1.

Figure 1.1. Scattering of an incident particle with energy E and impact
parameter b on a target. Particle goes through infinitesimal area dσ and
scatters off into a solid angle dΩ. Figure retrieved from Scattering Theory,
Lect. 20 in Advanced Quantum Mechanics (2009), Department of Physics,
University of Cambridge.

The infinitesimal cross section dσ and the infinitesimal solid angle dΩ are related

by a proportionality factor dσ
dΩ

called the differential cross section. The total cross

section σ will be given by

σ =

∫
dσ

dΩ
dΩ.

While this equation might seem trivial, it is useful because, in general, we can find

the differential cross section more easily than we can find the total cross section. For

a non-relativistic case, the differential cross section is given by

dσ

dΩ
= |f(θ)|2,

13
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where f(θ) is called the scattering amplitude. This amplitude tells us the probability

that our particle will scatter in a given direction θ.

We can think of a cross section as the effective area that the target particle

presents to the incident particle. Each type of scattering event has its own cross

section associated with it. For example, we could have the events e−e+ → µ−µ+

and e−e+ → e−e+ and each would have its own cross section σ(e−e+ → µ−µ+) and

σ(e−e+ → e−e+). In quantum field theory, the differential cross section is also related

to a scattering amplitude M via

dσ

dΩ
∝ |M|2.

More generally, we have that for a process with two initial particles A1, A2 and n final

particles B1, B2, · · · , Bn, the cross section is given by

σ(A1A2 → B1B2 · · ·Bn) =
S

2
√
λ(E2

CM ,m
2
A1
,m2

A2
)

∫
dΠn|M|2, (1.1)

where |M|2 is the square of the amplitude, λ(E2
CM ,m

2
A1
,m2

A2
) = E4

CM +m4
A1

+m4
A2

−

2(E2
CMm

2
A1

+m2
A1
m2

A2
+E2

CMm
2
A2
) is the Källén function with ECM as the center-of-

mass energy, S is a symmetry factor and dΠn is the n−dimensional phase space given

by ∫
dΠn =

∫
(2π)4δ(4)

(∑
i

pAi
−

n∑
i=1

pBi

)
n∏

j=1

1

2EBj

d3~pBj

(2π)3
. (1.2)

To understand what M is and how to calculate it, we must rely on a powerful tool of

particle physics: Feynman diagrams. But before delving into Feynman diagrams, let

us study Lagrangian mechanics as this will be a useful topic when dealing with M.

1.2 Lagrangian Formalism

In an introductory physics class, students usually learn the principles of mechanics

using Newton’s Laws of Motion. We call this method of doing physics the Newtonian

formalism. However, while this method is true and works for all of the problems

encountered in such classes, it is not the only one. For more complex problems, it

14
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becomes easier to use an alternative method: the Lagrangian formalism or Lagrangian

mechanics.

In Lagrangian mechanics, we utilize a quantity, the Lagrangian L, to calculate the

equations of motion of our system. This formalism is based on the principle of least

action, which claims that the path that a system (e.g. particle) follows is the one for

which the variation of a quantity S, called the action, is minimized. The principle of

least action is expressed as

δS = 0.

This action is related to the Lagrangian of the system via the following relation

S =

∫ tf

ti

Ldt.

For classical processes such as the one seen in introductory physics classes, the La-

grangian can be expressed as

L = T − V,

where T is the total kinetic energy of the system and V is the potential energy. How-

ever, the Lagrangian is more commonly expressed as a function of some generalized

coordinates q and q̇, so L = L(q, q̇; t). A common example would be to have q cor-

respond to position x and q̇ to velocity v, although this relation is not always true.

Applying the principle of least action δS = 0 to our equation for S in terms of L, we

arrive at the Euler-Lagrange equations

d

dt

(
∂L(q, q̇; t)

∂q̇

)
− ∂L(q, q̇; t)

∂q
= 0, (1.3)

where we get one Euler-Lagrange equation for each generalized coordinate q. While

the Lagrangian formalism described so far is powerful in dealing with a variety of

physical processes, it is so far limited only to classical and discrete systems. When

studying the quantum field theories of particles, we are dealing with continuous fields

permeating all of spacetime. We must therefore derive a Lagrangian formalism that

merges quantum mechanics and relativity and that works for continuous fields. For

15
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6

such quantum fields, we can express the Lagrangian L as the spatial integral of a

Lagrangian density L

L =

∫
Ld3x.

Similarly to the discrete Lagrangian L, the Lagrangian density L is a function of

one or more fields φ(x) and their derivatives ∂µφ(x), so L = L(φ(x), ∂µφ(x)). Greek

indices (e.g µ) run from 0 to 3 and represent the time (0) and spatial (1-3) dimensions.

The action S can now be expressed in terms of this Lagrangian density

S =

∫
L(φ, ∂µφ)d4x.

Our integral for the action is now over all of spacetime. If we apply the principle of

least action again on our equation above, we arrive at the Euler-Lagrange equation

of motion for a field

∂µ

(
∂L

∂(∂µφ)

)
− ∂L
∂φ

= 0. (1.4)

For simplicity, I will refer to the Lagrangian density L as simply the Lagrangian from

now on. The Lagrangian L of a quantum field theory contains all the information

about the particles and its interactions. As an example, let us analyze the photon

field.

1.2.1 The Maxwell Lagrangian

Maxwell’s equations describe the behavior of electric and magnetic fields in the

presence of an electric charge density, ρ(x), and a current density, ~j(x). These equa-

tions form the basis for the study of electromagnetic phenomena

~∇ · ~E = ρ, (1.5a)

~∇ · ~B = 0, (1.5b)

~∇× ~E +
1

c

∂ ~B

∂t
= 0, (1.5c)

~∇× ~B − 1

c

∂ ~E

∂t
= ~j. (1.5d)
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However, for a relativistic theory, we would prefer to use a quantity that is Lorentz

invariant. Therefore, let us define the 4-vector potential

Aµ(x) = (A0(x), ~A(x)) = (V (x), ~A(x)),

where V (x) is the electric potential and ~A(x) is the magnetic vector potential. We

can recover our electric and magnetic fields via the following relations

~B = ~∇× ~A,

~E = −~∇V − 1

c

∂ ~A

∂t
.

Using vector calculus identities, it is easy to verify that V and ~A automatically satisfy

Maxwell’s equations 1.5b and 1.5c. It is customary in quantum field theory to set

some fundamental constants of nature to 1 to simplify our formulas. We say that

we are working with natural units. For our present case and henceforth, we will set

c = ~ = ε0 = µ0 = 1. That is, all measurements will be in energy units. To recover

SI units, we must only multiply by the corresponding factors of the aforementioned

quantities such that our dimensional analysis works out.

Let us now define the electromagnetic field strength tensor

F µν ≡ ∂µAν(x)− ∂νAµ(x). (1.6)

To calculate this quantity, notice that

F i0 = −∇iV i − ∂t ~A = Ei,

F ij = −∇iAj +∇jAi = −εijkBk

where latin indices run from 1 to 3, and εijk is the 3-dimensional Levi-Civita symbol

(also known as the antisymmetric symbol.) We get that the EM field strength tensor

is given by

F µν =


0 −Ex −Ey −Ez

Ex 0 −Bz By

Ey Bz 0 −Bx

Ez −By Bx 0

 .
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Notice now the result of differentiating F µν ,

∂µF
µ0 = ∇iEi = ~∇ · ~E = ρ,

∂µF
µi = ∂t(−Ei) +∇j(−εijkBk) = (~∇× ~B)i − ∂tE

i = ji.

We recovered Maxwell equations 1.5a and 1.5d. To tidy up our equations, let us

define now the electric 4-current

jµ(x) = (j0(x),~j(x)) = (ρ(x),~j(x)).

We can then express Maxwell equations in terms of this 4-current and the EM field

strength tensor

∂µF
µν(x) = jν(x). (1.7)

Contained within this expression and the definition of F µν are all four of Maxwell

equations in 1.5. Moreover, if we take the derivative of both sides of this equation,

we get the electric charge conservation equation from electromagnetism. Note from

our explicit formula for F µν that F µν = −F νµ. This antisymmetry implies that

∂µ∂νF
µν = −∂µ∂νF µν = 0. Then

∂ν∂µF
µν(x) = ∂νj

ν(x)

0 = ∂νj
ν(x)

0 =
∂

∂t
ρ(x) + ~∇ ·~j(x). (1.8)

Within a quantum field theoretical framework, Aµ(x) is the photon field operator.

The Lagrangian corresponding to the photon is given by

LMaxwell = −1

4
FµνF

µν − jµAµ.

Using the Euler-Lagrange equation 1.4, we recover Maxwell equations as expressed in

1.7. Before delving into more advanced quantum field theories, let us briefly review

the Dirac equation and its corresponding Lagrangian.
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1.2.2 The Dirac Lagrangian

The Dirac equation, proposed in 1928 by Paul Dirac [25], is a relativistic wave

equation for free spin-1/2 particles with mass m. The Standard Model particles with

spin-1/2 are the electron (e−), the muon (µ−), the tau (τ−), their corresponding

neutrinos (νe, νµ, ντ ) and all six of the quarks (u, d, c, s, t, b.) We call these parti-

cles fermions. Their corresponding antiparticles, the antifermions, are also spin-1/2

particles. The Dirac equation applies to all of these particles. The Dirac equation is

(iγµ∂µ −m)ψ(x) = 0, (1.9)

where ψ(x) is the Dirac wavefunction or Dirac field operator (“spinor”) when working

within quantum field theory, m is the mass of the particle, ∂µ = (∂t, ~∇) is the 4-

derivative, and γµ are the Dirac matrices that satisfy the Dirac anticommutation

algebra

{γµ, γν} = γµγν + γνγµ = 2gµν .

There is a set of 4 matrices that satisfy these relations for all dimensions n ≥ 4.

Moreover, the Dirac matrices are not unique and one can go from one basis of the

Dirac matrices to another via unitary transformations. In this paper, we will use the

Weyl representation of the Dirac matrices given by

γ0 =

 0 I2×2

I2×2 0

 and γi =

 0 σi

−σi 0

 ,

where I2×2 is the 2-dimensional identity matrix and σi are the Pauli matrices for

i = 1, 2, 3. Then γµ = (γ0, ~γ). It is worthwhile to point out some properties of the

Dirac matrices as well as some useful notation. The product of a 4-vector bµ with

the Dirac matrices γµ (i.e. bµγµ) appears frequently in our equations, so we use /b to

denote bµγµ. This notation is called Feynman slash notation. The Dirac equation in

slash notation is then (i/∂ −m)ψ(x) = 0. The Dirac matrices also have the following

properties:

(γ0)2 = −(γi)2 = I4×4, (1.10a)
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(γµ)† = γ0γµγ0, (1.10b)

(γµ)∗ = γ2γµγ2, (1.10c)

where † represents the Hermitian conjugate, and ∗ represents the complex conjugate.

One crucial aspect of the Dirac equation was that it predicted positive and neg-

ative energy solutions, corresponding to particles and antiparticles. In reality, both

particles and antiparticles have positive energy; we instead refer to the solutions of the

Dirac equation as positive and negative frequency solutions. The positive frequency

solutions of the Dirac equation are of the form

ψ(x) = u(p)e−ip·x, with p2 = m2, p0 > 0,

where p is the 4-momentum of the particle, m is its mass and u(p) is the momentum-

space Dirac spinor. Note that i∂µ is the 4-momentum operator and i∂µe
−ip·x =

pµe
−ip·x. We can then get the Dirac equation in momentum space:

(iγµ∂µ −m)u(p)e−ip·x = 0

(γµpµ −m)u(p)e−ip·x = 0

(/p−m)u(p) = 0.

The spinor u(p) has two linearly-independent solutions us(p) where s = 1, 2 represents

the two possible spins of the particle. The negative frequency solutions of the Dirac

equation are of the form

ψ(x) = v(p)e+ip·x, with p2 = m2, p0 > 0,

where v(p) is another momentum-space Dirac spinor. Similarly, this spinor v(p) also

has two linearly-independent solutions vs(p). The corresponding momentum-space

Dirac equation for this spinor is

(/p+m)v(p) = 0.

When we take the Hermitian conjugate of the Dirac equation, we get

ψ(i/∂ +m) = 0,
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where ψ = ψ†γ0 is called the adjoint Dirac spinor and where the 4-momentum opera-

tor (i∂µ) is acting to the left. Like before, this equation also has positive and negative

frequency solutions. The positive frequency solutions are of the form

ψ(x) = v(p)e−ip·x, with p2 = m2, p0 > 0,

where v(p) = v†(p)γ0 is the adjoint momentum-space Dirac spinor. This equation

also depends on the spin s = 1, 2 like before and its corresponding momentum-space

adjoint Dirac equation is

v(p)(/p+m) = 0.

Finally, we have the negative frequency solutions of the form

ψ(x) = u(p)e+ip·x, with p2 = m2, p0 > 0,

where u(p) = u†(p)γ0 is the adjoint momentum-space Dirac spinor with the usual

spin dependence. Its corresponding momentum-space adjoint Dirac equation is

u(p)(/p−m) = 0.

When dealing with quantum field theory, the Dirac spinors ψ and ψ are promoted

to field operators. These field operators create and annihilate particles. The oper-

ator ψ annihilates fermions and creates antifermions. The operator ψ annihilates

antifermions and creates fermions. We are now ready to tackle the Dirac Lagrangian.

The Lagrangian that gives the Dirac equation is

LDirac = ψ(x)(i/∂ −m)ψ(x), (1.11)

where ψ(x) is the position-space Dirac spinor and ψ(x) is the adjoint position-space

Dirac spinor. Let jµ(x) = ψ(x)γµψ(x). Notice that

∂µj
µ = (∂µψ)γ

µψ + ψγµ(∂µψ)

= (imψ)ψ + ψ(−imψ)

= 0.
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This equation for jµ looks similar to the charge conservation equation of electro-

magnetism, where jµ was the electromagnetic 4-current. Indeed, jµ = ψγµψ is the

4-current of electromagnetism but without a factor of e for the electric charge. We

are ready to delve into Quantum Electrodynamics.

1.2.3 The Quantum Electrodynamics Lagrangian

Quantum Electrodynamics (QED) is the quantum field theory that governs the

electromagnetic interactions via the exchange of the photon γ. Before generalizing

for all fermions, let us consider the Lagrangian of a universe with only photons and

electrons. The QED Lagrangian for this universe would be

LQED = LMaxwell + LDirac

= −1

4
FµνF

µν − jµAµ + ψ(i/∂ −m)ψ

= −1

4
FµνF

µν + ψ(i/∂ −m)ψ −Qeeψγ
µψAµ,

where e is the elementary charge and Qe is the electric charge of the electron in units

of e (i.e. Qe = −1). The term −Qeeψγ
µψAµ contains the electron (ψ), positron (ψ)

and photon (Aµ) fields and it represents the interaction between our photon and our

electron/positron. The corresponding Dirac equation in the presence of a photon field

is then

(i/∂ −Qee /A−m)ψ(x) = 0.

We can generalize the QED Lagrangian for all fermions/antifermions by taking into

account the different charges

LQED = −1

4
FµνF

µν +
∑

all fermions

ψf (i/∂ −Qfe /A−mf )ψf , (1.12)

where mf is the fermion mass (e.g. me for the electron), Qf is the fermion elec-

tric charge (e.g. −1 for the electron) and ψf , ψf are the corresponding fermion/an-

tifermion Dirac spinors. This QED Lagrangian is the blueprint of all SM electromag-

netic interactions in the universe. Let us now study Feynman diagrams.
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1.3 Feynman Diagrams

In Sec. 1.2.3, we saw that the QED Lagrangian for the electron/positron and

the photon contains an interaction term Lint = −Qeeψγ
µψAµ. This interaction La-

grangian is related to another quantity called the interaction Hamiltonian via the

relationship

Hint =

∫
d3x(−Lint).

To find more information about our interacting theory (i.e. QED), we could try to

find the eigenvalues and eigenvectors of this interaction Hamiltonian. It turns out,

however, that there are no exactly solvable interacting field theories for more than two

spacetime dimensions. Our best solution is to find an approximation by expanding

our interaction Hamiltonian in a perturbation series.

Let us now go back to our results from Sec. 1.1. We had asserted that the differ-

ential cross section of a particle scattering event was proportional to |M|2. We will

now connect M to Hint. Without loss of generality, suppose that we have an event

with two initial particles A and B and two final particles 1 and 2, so A+B → 1+ 2.

Let our particles have momenta given by ~pi where i = A,B, 1, 2. Our initial and final

states in momentum space would be given by

〈~p1~p2| and |~pA~pB〉.

The probability amplitude that this reaction occurs is given by how much these states

overlap with one another; that is, it is given by the inner product of these two states

〈~p1~p2|~pA~pB〉.

This product can also be expressed as follows

〈~p1~p2|~pA~pB〉 = 〈~p1~p2| lim
t→∞

e−iH(2t)|~pA~pB〉,
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where H is the Hamiltonian of our system (including Hint.) Expanding the exponen-

tial term, we define the transition matrix T as follows

1 + iT = lim
t→∞

e−iH(2t)

1 + iT = 1 + lim
t→∞

(
(−iH(2t)) +

1

2!
(−iH(2t))2 + · · ·

)
iT = lim

t→∞

(
(−iH(2t)) +

1

2!
(−iH(2t))2 + · · ·

)
.

The 1 in the equation above reflects the probability that the two initial particles and

the two final particles do not interact at all. We are interested in the iT term, which

represents the probability that the particles interact with one another. It can be

shown that

〈~p1~p2|iT |~pA~pB〉 = lim
t→∞(1−iε)

(
0〈~p1~p2|exp

[
−i
∫ t

−t

dt′Hint

]
|~pA~pB〉0

)
connected, amputated

.

(1.13)

The reader does not need to worry about the strange new details surrounding this

equation. The major takeaway from this equation is the fact that we can express

〈~p1~p2|iT |~pA~pB〉 as a power series of the interaction Hamiltonian Hint (recall Taylor

expansion of exponential function). Similarly, it can also be shown that

〈~p1~p2|iT |~pA~pB〉 = (2π)4δ(4)(pA + pB − p1 − p2) · iM(pA, pB → p1, p2), (1.14)

where M is the amplitude discussed in Sec. 1.1 for the current event A+B → 1+ 2.

Comparing Eqs. 1.13 and 1.14, we see that M can also be expressed as a power series

of the interaction Hamiltonian Hint.

When we expand M in terms of Hint, we get terms that are proportional to a

coupling constant α. For QED, this constant is given by α = e2

4π
. For simplicity, we

will express our expansion in terms of powers of e. Thus:

M = M0(e
0) +M1(e

1) + · · ·

where each term Mj would be proportional to 0〈~p1~p2|
[
−i
∫ t

−t
dt′Hint

]j
|~pA~pB〉. Each

term Mj in this perturbative expansion of M corresponds to a spacetime process.

24

Macalester Journal of Physics and Astronomy, Vol. 9, Iss. 1 [2021], Art. 7

https://digitalcommons.macalester.edu/mjpa/vol9/iss1/7



15

We represent this process via a Feynman diagram. As an example, let us consider

the process e+e− → µ+µ−. A generic representation of this event is given in Fig. 1.2.

e−

e+

µ+

µ−

p1

p2

p3

p4

Figure 1.2. Schematic representation of e+e− → µ+µ− for particles with
4-momenta p1, p2, p3, p4. The blob represents the particle physics that
occurs to turn e+e− into µ+µ−.

In this figure, the blob represents the different possible processes that could be

happening between the electron/positron pair and the muon/antimuon pair. We can

think of the blob as related to M. Each term Mj in the expansion of M corresponds

to a possibility of what is happening within the blob.

As we mentioned, each Mj is related to j copies of Hint =
∫
d3x(−Lint). For

QED, we had that

Lint =
∑

all fermions

−Qfeψfγ
µψfAµ.

For our process e+e− → µ+µ−, we are only dealing with electrons, muons and their

antiparticles. Let us then only focus on the terms (recall Qe = Qµ = −1)

Lint = eψfγ
µψfAµ; f = e, µ.

The first term in M is that for which there is no interaction Hamiltonian (and hence

no interaction Lagrangian) mediating the process e+e− → µ+µ−. As we can see

from the QED Lagrangian, there is no term that spontaneously transforms an elec-

tron/positron pair into a muon/antimuon pair. Such a term would be of the form
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ψeψeψµψµ. Therefore, the value of M0 vanishes. Let us now consider M1, where we

have 1 copy of Hint ∝ Lint. In this case, we again do not get a term that contains all

four of the fermion fields; M1 also vanishes. However, for M2, we do have a process

that would produce our desired event. Because we have H2
int, we will get a term of

the form e2ψeγ
µψeAµψmuonγ

νψmuonAν . Namely, we have an event in which the elec-

tron/positron pair produces a photon (eψeγ
µψeAµ) and this photon then produces

a muon/antimuon pair (eψmuonγ
µψmuonAµ). The photon created with the electron/-

positron pair and annihilated with the muon/antimuon pair is undetectable and we

say that it is a virtual photon. For this case, the photon will propagate from the

creation vertex to the annihilation vertex with 4-momentum q satisfying momentum

conservation. That is, q = p1 + p2 = p3 + p4. In general, the virtual photon need not

propagate from creation to annihilation vertex; for example, the photon could be cre-

ated at the electron/positron vertex and propagate until it decays into muons before

reaching the annihilation vertex. Our process is depicted in the Feynman diagram

shown in Fig. 1.3. Each vertex contributes a factor of e. Thus, the diagram shown in

Fig. 1.3 corresponds to the term M2(e
2) from the perturbation expansion of M.

p2

p1 p3

p4

q

γ

e+

e− µ−

µ+

Figure 1.3. Tree-level Feynman diagram of e+e− → µ+µ− for particles
with 4-momenta p1, p2, p3, p4.

26

Macalester Journal of Physics and Astronomy, Vol. 9, Iss. 1 [2021], Art. 7

https://digitalcommons.macalester.edu/mjpa/vol9/iss1/7



17

Similarly, there are other Feynman diagrams involving higher order terms of M.

The amplitude M is a superposition of all these Feynman diagrams.

M =
γ

e+

e−

µ+

µ−

+

e+

e− µ−

µ+

+

e+

e−

µ−

µ+

+

e−

e+

µ+

µ−

+

e− µ−

e+ µ+ +

e− µ+

e+ µ− + · · ·

However, higher order terms also involve higher powers of e and contain loop factors,

both of which suppress the diagram’s contribution to the power series. Considering

only the first non-zero term is usually a good approximation to the value of M. We

say that Feynman diagrams are tree-level diagrams if they correspond to the lowest

non-zero term of the perturbation expansion. It is worth pointing out that a process

can have more than one Feynman diagram at any order. In the previous equation

for M, for example, we have that M4(e
4) is made up of five Feynman diagrams.

Throughout this paper, we will only focus on tree-level calculations, some of which

will involve more than one Feynman diagram.

1.3.1 Feynman Rules

As we mentioned in Sec 1.1, the squared amplitude |M|2 is proportional to the

observables (e.g. cross section) that we are interested in. We must, therefore, be

able to calculate |M|2 (and hence M) if we wish to perform any useful analysis.

To calculate the amplitude M corresponding to a diagram, we utilize the Feynman

rules. These rules are obtained from the Lagrangian of our theory. For a thorough

27

Lopez Gutierrez: Automatic Leptonic Tensor Generation for BSM Theories

Published by DigitalCommons@Macalester College, 2021



18

derivation of the Feynman rules for QED and other theories, the reader is encouraged

to refer to Ref. [22]. Here are (some of) the rules for QED:

Initial fermion:
p

f
= us(p)

Initial antifermion:
p

f
= vs(p)

Final fermion:
p

f
= us(p)

Final antifermion:
p

f
= vs(p)

Photon propagator:
q

γ
µ ν =

−igµν
q2

Photon-fermion/antifermion vertex:
γ

µ

= iQfeγ
µ

where the initial and final descriptions refer to external (real) particles and the prop-

agator description refers to internal (virtual) particles. The superscript of the Dirac

spinors refers to the spin of the particle. For the vertex, we have let e = |e| and we

will keep this convention from now on. One can notice from the Feynman rules that

the QED Lagrangian played a crucial role, most notably in the expressions for the

external particles (LDirac) and the QED vertex (Lint). The propagator, whether for

the photon or for fermions, comes from the inverse of the Dirac and Maxwell equa-

tions. For the photon, this inverse is ill-defined, which requires the extra addition

of the metric tensor to fix the (Feynman) gauge. Using these rules, we can express

the tree-level diagram of Fig. 1.3 for the process e+e− → µ+µ− in analytical form.

For this diagram, we have an initial electron, an initial positron, a final muon, a final
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antimuon, a photon propagator and two photon-fermion/antifermion vertices. The

amplitude for this diagram is thus given by

M = vs
′
(p2)︸ ︷︷ ︸
e+

(−ie)γµ︸ ︷︷ ︸
e+e−γ vertex

us(p1)︸ ︷︷ ︸
e−

−igµν
q2︸ ︷︷ ︸
γ

ur
′
(p3)︸ ︷︷ ︸
µ−

(−ie)γν︸ ︷︷ ︸
µ+µ−γ vertex

vr(p4)︸ ︷︷ ︸
µ+

. (1.15)

We will stop here for now, but we will calculate M and |M|2 in Sec. 1.4

1.4 Hadronic and Leptonic Tensor

For neutrino interactions, we can express the squared amplitude as

|M|2 = LµνH
µν , (1.16)

where Lµν is called the leptonic tensor and Hµν is called the hadronic tensor. Eq. 1.16

is valid if we neglect double boson exchange processes; that is, processes where we

have two internal virtual bosons. In Ch. 3, we will only focus on events for which

we can assume no double boson exchange. This is reasonable given the uncertainties

associated with nuclear effects coming from protons and neutrons, which are much

larger than the loop corrections from which these double boson exchanges come from.

Moreover, we will also assume point-like nuclear particles for simplicity. To illustrate

how |M|2 can be split into these tensors, let us finish our calculation of |M|2 for the

process e+e− → µ+µ−.

To get |M|2, we must have M and M∗. Let us analyze Eq. 1.15 in more detail.

Recall the definition of the Dirac spinors u, u, v, v from the momentum-space Dirac

equations in Sec. 1.2. The spinors u and v are the positive and negative frequency

solutions to (i/∂ − m)ψ = 0. The position-space Dirac spinor ψ is a 4-dimensional

column vector living in Dirac space. In terms of the momentum-space solutions,

ψ = u(p)e−ip·x or ψ = v(p)e+ip·x. Notice that ψ is related to both u and v only by

an exponential factor. Therefore, u and v must have the same dimensions as ψ: u

and v are 4-dimensional column vectors living in Dirac space. Let us now investigate

the adjoint Dirac equation ψ(i/∂ + m) = 0. The spinors u and v are the negative
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and positive frequency solutions to the adjoint Dirac equation. By analyzing the

dimensions of the adjoint Dirac equation, one can see that for the equation to make

sense, the position-space adjoint Dirac spinor ψ must be a 4-dimensional row vector

living in the adjoint Dirac space. Notice, again, that ψ = ve−ip·x or ψ = ue+ip·x.

Therefore, u and v are also 4-dimensional row vectors living in adjoint Dirac space.

With this in mind, let us go back to Eq. 1.15. For simplicity, let us rearrange the

amplitude to look like this

M =
ie2

q2
[vs

′
(p2)γ

µus(p1)][u
r′(p3)γµv

r(p4)], (1.17)

where we have moved the constant factors to the front and we contracted gµνγ
ν =

γµ. Notice now the dimensions of the quantities in square brackets. We have a 4-

dimensional row vector (u or v), a 4×4 matrix (γµ or γµ) and a 4-dimensional column

vector (u or v). Therefore, the quantities in brackets are 1-dimensional complex

numbers and the amplitude itself is also a 1-dimensional complex number. Because

M is just a complex number, M∗ = (M†)T = M†. Let us thus calculate M†.

The prefactor of M is easy to calculate and it is just
(

ie2

q2

)∗
= −ie2

q2
. Let us now

focus on one of the square brackets

[vs
′
(p2)γ

µus(p1)]
† = u†,s(p1)[v

s′(p2)γ
µ]†

= u†,s(p1)(γ
µ)†[vs

′
(p2)]

†

= u†,s(p1)(γ
µ)†[v†,s

′
(p2)γ

0]†

= u†,s(p1)(γ
µ)†(γ0)†vs

′
(p2)

= u†,s(p1)γ
0γµγ0γ0vs

′
(p2)

= us(p1)γ
µvs

′
(p2),

where we have used the Dirac matrices’ properties given in Eq. 1.10a and Eq. 1.10b.

In a similar fashion, we get that

[ur
′
(p3)γµv

r(p4)]
† = vr(p4)γµu

r′(p3).

Putting our results together, we get the Hermitian conjugate of the amplitude

M† =
−ie2

q2
[us(p1)γ

νvs
′
(p2)][v

r(p4)γνu
r′(p3)], (1.18)
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where we have changed the (dummy) index µ to ν to avoid confusion with M. Since

M† = M∗, we can put together Eq. 1.17 and Eq. 1.18 to get the squared amplitude

|M|2 = e4

q4
[vs

′
(p2)γ

µus(p1)][u
s(p1)γ

νvs
′
(p2)][u

r′(p3)γµv
r(p4)][v

r(p4)γνu
r′(p3)], (1.19)

where we have moved around the quantities in square brackets since they are just com-

plex numbers. This squared amplitude |M|2 is for a given set of momenta and spins.

However, in real experiments, we (usually) have an unpolarized beam of incoming

particles. This unpolarized beam means that any measurements are an average over

the initial state spins s and s′. After the process takes place, the detectors measure

the aggregated results of the interactions without differentiating between different

final spin states. Therefore, any measurements are over a sum of the final state spins

r and r′. With this in mind, we get that the actual quantity we are looking for is
1
2

∑
s
1
2

∑
s′
∑

r

∑
r′ |M|2 = 1

4

∑
s,s′,r,r′ |M|2, which is given by

1

4

∑
s,s′,r,r′

|M|2 = e4

q4
1

4

∑
s,s′,r,r′

[vs
′
(p2)γ

µus(p1)][u
s(p1)γ

νvs
′
(p2)]×

[ur
′
(p3)γµv

r(p4)][v
r(p4)γνu

r′(p3)].

We can further simplify this expression for 1
4

∑
|M|2. First, we will use the spin-sum

relations for Dirac spinors.

The Dirac spinors u, u, v, v follow the completeness (spin-sum) relations given by∑
s

us(p)us(p) = /p+m, (1.20)

∑
s

vs(p)vs(p) = /p−m. (1.21)

To use Eq. 1.20 and Eq. 1.21, let us first write the expression for 1
4

∑
|M|2 explicitly

in index notation

1

4

∑
s,s′,r,r′

|M|2 = e4

q4
1

4

∑
s,s′,r,r′

[vs
′

a (p2)γ
µ
abu

s
b(p1)][u

s
c(p1)γ

ν
cdv

s′

d (p2)]×

[ur
′

e (p3)γµ,efv
r
f (p4)][v

r
g(p4)γν,ghu

r′

h (p3)].
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Now, our Dirac spinors and Dirac matrices are expressed in component form; that

is, they are just complex numbers that can be moved around. For example, the

quantity usb(p1) represents one component of the spinor us(p1). To return to our

matrix notation in the end, we will just need to rearrange our results in the correct

order. Since we are dealing with numbers only, let us rearrange our expression as

follows

1

4

∑
s,s′,r,r′

|M|2 = e4

q4
1

4

∑
s,s′,r,r′

usb(p1)u
s
c(p1)v

s′

d (p2)v
s′

a (p2)γ
µ
abγ

ν
cd×

ur
′

h (p3)u
r′

e (p3)v
r
f (p4)v

r
g(p4)γµ,efγν,gh.

We can clearly see the expressions for the spin-sum relations from Eqs. 1.20 and 1.21

in our previous equation. Moreover, notice that only the corresponding spinors (uu

or vv) are dependent on their spin, so we can apply our spin-sum relations. We get

the following

1

4

∑
s,s′,r,r′

|M|2 = e4

q4
1

4
( /p1 +me)bc( /p2 −me)daγ

µ
abγ

ν
cd×

( /p3 +mµ)he( /p4 −mµ)fgγµ,efγν,gh.

Now that the summation over the spins is gone, we can rearrange our results in the

correct order

1

4

∑
s,s′,r,r′

|M|2 = e4

q4
1

4
( /p1 +me)bcγ

ν
cd( /p2 −me)daγ

µ
ab×

( /p3 +mµ)heγµ,ef ( /p4 −mµ)fgγν,gh

1

4

∑
s,s′,r,r′

|M|2 = e4

q4
1

4
[( /p1 +me)γ

ν( /p2 −me)γ
µ]bb ×

[( /p3 +mµ)γµ( /p4 −mµ)γν ]hh

1

4

∑
s,s′,r,r′

|M|2 = e4

q4
1

4
Tr [( /p1 +me)γ

ν( /p2 −me)γ
µ]×

Tr [( /p3 +mµ)γµ( /p4 −mµ)γν ],
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where in the second to last line, we have used the fact that the trace of a matrix A

is Tr [A] =
∑

iAii = Aii in the Einstein summation convention. Our result now only

depends on the momenta and masses of our particles. We can further simplify our

results by using trace technology.

The traces of Dirac matrices and their products have certain properties. Col-

lectively, these properties are called trace technology and some of them are given

below:

Tr [odd number of γµ] = 0, (1.22)

Tr [γµγν ] = 4gµν , (1.23)

Tr [γµγνγργσ] = 4(gµνgρσ − gµρgνσ + gµσgνρ). (1.24)

We can use these properties to evaluate the traces in the expression of 1
4

∑
|M|2.

However, before delving into the calculation, let us think about the kinematics of

our event. Usually, the center-of-mass energies at which particle accelerators operate

are of the order of GeV or even TeV. In comparison, the mass of the electron is

me = 0.511MeV and the mass of the muon is mµ = 106MeV. When working with

particle accelerators of such high energies, we can safely neglect the masses of the

electron and the muon; that is, we can set me = mµ = 0. This assumption will

simplify our calculation of the traces. Our new expression for the amplitude is

1

4

∑
s,s′,r,r′

|M|2 = e4

q4
1

4
Tr [ /p1γ

ν
/p2γ

µ] Tr [ /p3γµ /p4γν ]

=
e4

q4
1

4
p1,αp2,β Tr [γ

αγνγβγµ]pρ3p
σ
4 Tr [γργµγσγν ].

We can now use Eq. 1.24 to simplify both traces. Let us focus on the traces individ-

ually before plugging them back into our equation:

p1,αp2,β Tr [γ
αγνγβγµ] = p1,αp2,β4(g

ανgβµ − gαβgνµ + gαµgνβ)

= 4(pν1p
µ
2 − (p1 · p2)gνµ + pµ1p

ν
2)

pρ3p
σ
4 Tr [γργµγσγν ] = pρ3p

σ
44(gρµgσν − gρσgµν + gρνgµσ)

= 4(p3,µp4,ν − (p3 · p4)gµν + p3,νp4,µ)
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Plugging our results back in, we get

1

4

∑
s,s′,r,r′

|M|2 = e4

q4
1

4
4(pµ1p

ν
2 + pµ2p

ν
1 − (p1 · p2)gµν) · 4(p3,µp4,ν + p4,µp3,ν − (p3 · p4)gµν),

where in the first term, we have replaced gνµ by gµν since the metric tensor is sym-

metric under this transformation. Before further simplifying our expression, notice

that the first term in parenthesis only depends on the momenta of the incoming

electron (p1) and positron (p2), and the second term in parenthesis only depends on

the momenta of the outgoing muon (p3) and antimuon (p4). We can therefore de-

fine two quantities that contain the information about the electron/positron and the

muon/antimuon pairs. These quantities will be the electron leptonic tensor Lµν
e− and

the muon leptonic tensor Lµ−,µν . In this paper, we do not include the spin-average

factor 1
4

into our definition of the leptonic tensors. We define them as

Lµν
e− =

4e2

q2
(pµ1p

ν
2 + pµ2p

ν
1 − (p1 · p2)gµν), (1.25)

Lµ−,µν =
4e2

q2
(p3,µp4,ν + p4,µp3,ν − (p3 · p4)gµν). (1.26)

And our amplitude is given by

1

4

∑
s,s′,r,r′

|M|2 = 1

4
Lµν
e−Lµ−,µν .

For now, the definitions of the leptonic tensor are only for educational purposes

since they will not affect our calculation of the amplitude. However, it is important

for the reader to notice how we could express the amplitude in terms of these two

leptonic tensors. Continuing with our calculation, we can now contract both terms

in parenthesis to get the following (recall gµνgµν = 4)

(pµ1p
ν
2 + · · · )(p3,µp4,ν + · · · ) = (p1 · p3)(p2 · p4) + (p1 · p4)(p2 · p3)− (p1 · p2)(p3 · p4)+

(p1 · p4)(p2 · p3) + (p1 · p3)(p2 · p4)− (p1 · p2)(p3 · p4)−

(p1 · p2)(p3 · p4)− (p1 · p2)(p3 · p4) + (p1 · p2)(p3 · p4) · 4

= 2(p1 · p3)(p2 · p4) + 2(p1 · p4)(p2 · p3).
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CM
θ

~p1 ~p2

~p3

~p4

z
x

y

Figure 1.4. General CM kinematic setting for 2-to-2 scattering processes.

And so, our amplitude is

1

4

∑
s,s′,r,r′

|M|2 = e4

q4
1

4
· 4 · 4 · 2 · ((p1 · p3)(p2 · p4) + (p1 · p4)(p2 · p3))

=
8e4

q4
((p1 · p3)(p2 · p4) + (p1 · p4)(p2 · p3)). (1.27)

The expression in Eq. 1.27 is our final result. The initial-spin averaged and final-spin

summed square amplitude is given completely in terms of the four momenta of our

particles as well as the momenta q of the virtual photon. The value of q is calculated

with 4-momentum conservation at the vertices of the Feynman diagram in Fig. 1.3.

The expression for the amplitude as given above is general for any reference frame.

However, most of the time, we are only interested in the center-of-mass (CM) frame.

In this case, there is one more simplification for Eq. 1.27. The general kinematics of

2-to-2 processes, such as the case for e−e+ → µ−µ+, is given in Fig. 1.4. For massless

particles in the CM frame, we have that the general form of the 4-momenta of the

particles is given by

p1 =
ECM

2
(1, 0, 0, 1),

p2 =
ECM

2
(1, 0, 0,−1),

p3 =
ECM

2
(1, sin θ cosφ, sin θ sinφ, cos θ),

p4 =
ECM

2
(1,− sin θ cosφ,− sin θ sinφ,− cos θ),

(1.28)
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where θ and φ are the polar and azimuthal angles of our interaction in the CM frame,

coming from the spherical coordiantes system. As can be seen in Fig. 1.4, there is

a cylindrical symmetry around the collision (z) axis. This symmetry allows us to

always work in a frame where φ = 0. Then, the corresponding dot products would

be given by

(p1 · p3) =
E2

CM

4
(1− cos θ),

(p2 · p4) =
E2

CM

4
(1− cos θ),

(p1 · p4) =
E2

CM

4
(1 + cos θ),

(p2 · p3) =
E2

CM

4
(1 + cos θ).

(1.29)

Moreover, notice that the photon momentum q and its square are given by

q = (p1 + p2) = (p3 + p4) = ECM(1, 0, 0, 0),

q2 = (p1 + p2)
2 = (p3 + p4)

2 = E2
CM .

Plugging back these relations into Eq. 1.27, we get

1

4

∑
s,s′,r,r′

|M|2 = 8e4

E4
CM

(
E4

CM

16
(1− cos θ) · (1− cos θ) +

E4
CM

16
(1 + cos θ) · (1 + cos θ)

)
=

8e4

E4
CM

E4
CM

16

(
(1− cos θ)2 + (1 + cos θ)2

)
=
e4

2
(1 + cos2 θ − 2 cos θ + 1 + cos2 θ + 2 cos θ)

=
e4

2
(2 + 2 cos2 θ)

= e4(1 + cos θ). (1.30)

The result in Eq. 1.30 is correct for the CM frame. We will perform similar calculations

in Ch. 3 for our validation results. Moreover, we will defer the calculation of the cross

section σ from 1
4

∑
|M|2 until then.

Before ending this chapter, let us talk a little more about the leptonic and hadronic

tensors. We introduced an analytic version of the leptonic tensor in Eq. 1.25 and
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Eq. 1.26. As we showed, the contraction of these two leptonic tensors gave us the

squared amplitude summed over all of the spins (i.e.
∑

s,s′,r,r′ |M|2.) For the cases

that we will be analyzing in this work, this is always the case. However, instead of

having two leptonic tensors, we will have one leptonic tensor Lµν and one hadronic

tensor Hµν . Conceptually, the only difference between the hadronic and the leptonic

tensor is that the leptonic tensor contains the information that pertains to the lep-

tons in the interaction. Similarly, the hadronic tensor contains the information that

pertains to the hadrons in the interaction. For example, if we had the following

process e−p+ → e−p+, the leptonic tensor would correspond to the part in the Feyn-

man diagram that contains the incoming and outgoing electron. On the other hand,

the hadronic tensor would correspond to the part with the incoming and outgoing

proton. Although conceptually similar, the hadronic and leptonic tensors differ in

the complexity of their calculations. Whereas the leptonic tensor deals with point-

like particles such as electrons and muons, the hadronic tensor deals with hadrons

such as protons and neutrons that are made up of quarks and that usually are part

of a larger nucleus. This structure means that we must take into account complex

nuclear physics and nuclear form factors when dealing with particles of this type.

The calculations of hadronic tensors are difficult but can be accomplished with event

generators. To avoid the trouble of including calculations of hadronic tensors, our

program only calculates the leptonic tensor and leaves the complex nuclear physics of

hadronic tensors to the event generators. This separation into leptonic and hadronic

tensors is one of the main advantages of our program. We want to separate easily

calculable BSM effects from the intricate nuclear effects.
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2. Methods

As we mentioned in Ch. 1, we have developed a program that, given a theory’s

Lagrangian, automatically produces the leptonic tensor for an event. In this Chapter,

we will go over the overall structure and details of our program that allow us to

compute leptonic tensors. Let us consider the first step of our program: getting the

information of our theory from the Lagrangian.

2.1 Universal FeynRules Output

To perform our amplitude and leptonic tensor calculations, we must be able to

access and store the information of our theory. For this, we rely on the Universal

FeynRules Output (UFO) [19] format. To obtain the UFO file, we utilize the FeynRules

[26] Mathematica package. Given a quantum field theory, FeynRules takes in a text

file ModelName.fr that contains the information of the theory such as the particle

content, their parameters and the Lagrangian. From this input file, FeynRules will

calculate the theory’s Feynman rules (see Sec. 1.3), and will offer the user options

to export the theory’s information, including the newly calculated Feynman rules, in

different formats. One of these formats is the UFO model file format.

The UFO format is useful because it is “universal.” Other output formats of FeynRules

usually involve producing specific text files that must be parsed and interpreted by

different tree-level amplitude generators. However, because of their nature, BSM the-

ories are constantly evolving and usually require some extensions to be included in

their files. This procedure of editing the files to include these extensions is compli-

cated for a static format such as a text file. Instead, UFO stores its information into

Python modules as instances of Python objects defined within UFO. Working within

Python classes gives the user more flexibility in the implementation of their BSM
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theory. Moreover, unlike other formats, UFO has no prior assumptions on the struc-

tures or number of particles that can appear in the model. Because of this lack of

assumptions, the UFO file also allows for a larger compatibility with event generators,

thus making it “universal.”

Given the Lagrangian of our theory, UFO will export the information into a set of

Python files related to the different properties of our theory. Namely, this information

is exported to the following six model-dependent files.

• particles.py

• parameters.py

• vertices.py

• couplings.py

• lorentz.py

• coupling_orders.py

Each of these files contains a list of Python instances of their respective objects

for the given theory. For example, within the particles.py file, we find a list of all

the particles of our theory represented as instances of the Particle class of UFO. An

example for the SM electron is given below:

e__minus__ = Particle(pdg_code = 11,

name = 'e-',

antiname = 'e+',

spin = 2,

color = 1,

mass = Param.ZERO,

width = Param.ZERO,

texname = 'e-',

antitexname = 'e+',

charge = -1,
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GhostNumber = 0,

LeptonNumber = 1,

Y = 0)

The parameters of the particle class are mostly self-descriptive. It is worth pointing

out that the spin convention for UFO is 2 · s+ 1, where s is the spin of the particle as

given in the theory (s = 1/2 for e−). Among the attributes of the electron, we also

see that its mass and decay width are given by the object Param.ZERO. This object

is an instance of the Parameter class and can be found within the parameters.py file,

which contains a list of all the parameters of our theory. The value of Param.ZERO,

not surprisingly, is 0.

Let us now review an instance of the Vertex class. Within the vertices.py file,

we can find the vertex corresponding to the QED interaction of a photon with an

electron/positron (−ieγµ.)

V_77 = Vertex(name = 'V_77',

particles = [ P.e__plus__ , P.e__minus__ , P.a ],

color = [ '1' ],

lorentz = [ L.FFV1 ],

couplings = {(0,0):C.GC_3})

Let us examine these attributes more carefully. In general, a vertex of n interacting

particles can be expressed as the product of a row vector C containing the color

tensors, a matrix G containing the couplings, and a column vector L containing the

Lorentz structures.

V (p1, · · · , pn) = C ×G× L

In this paper, we will not focus on the strong force and its corresponding color struc-

tures. Therefore, for all of our calculations, the color tensor will be unity, as is the

case for the QED vertex above. That is, we need only care about the couplings and

Lorentz structures when calculating vertices. The couplings attribute of V_77 is a

dictionary where the keys are tuples and the values are instances of the Coupling class
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Figure 3.9. Numerical and analytic 1
2

∑
|M|2 vs. cos(θ) for the process

νep
+ → νep

+. For each histogram, we used 105 number of events per
value of ECM divided into 100 bins. From left to right, top to bottom,
the center-of-mass energies are 20, 60, 100, 140, 180 and 200GeV. The
analytic values were computed from Eq. 3.25.

do, this discrepancy should vanish. The important part about these histogram plots

is that both the numerical and the analytic exhibit the same behavior. We shift our

focus now to the cross section.
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Figure 3.10. Cross section σ for the process νep+ → νep
+ as a function of

the center-of-mass energies ECM =
√
s. For each of the 190 evenly spaced

values of ECM , we calculated 1
2

∑
|M|2 with 105 events.

As usual, our cross section is given by Eq. 3.5 where our spin average term is
1
2

as explained earlier. Like in the case for νeνµ → e−µ+, our amplitude does not

blow up as cos θ → 1, so we do not need a cut on the cosine. To obtain the analytic

cross section, we follow our usual procedure of integrating over the range [−1, 1] for

cos θ using Mathematica and multiplying by the conversion factor from GeV−2 to pb.

For the numerical cross section, we follow the same method outlined in Sec. 3.1 and

Sec. 3.2. We average over our range of cos θ, divide by our flux factor 2E2
CM and

multiply by the conversion factor. Our results for the numerical cross section can be

found in Fig. 3.10. Despite the difference in the amplitude plots, the analytic and

numerical cross sections agree very well as can be seen in the figure. The numerical

to analytic ratio starts at about 0.9 at low energies and grows closer to 1 at higher

energies. This agreement is a little surprising given the difference in the previous plot;
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we will also investigate this further. Again, however, we see the correct behavior for

the numerical and analytic cross sections, meaning that any disagreement should not

be fundamental. This concludes our analysis of the νep+ → νep
+ process.
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4. Conclusion and Future Steps

We live in an exciting time for particle physics, particularly for neutrino physics.

Within the coming decades, two experiments, the Deep Underground Neutrino Ex-

periment (DUNE) and Tokai-to-Hyper-Kamiokande (T2HK), will provide us with

unprecedented data of neutrino events that will hopefully hold the key to new physi-

cal phenomena unexplained by the Standard Model (SM). With this colossal amount

of data available, physicists will require a fast and efficient method of testing the myr-

iad of Beyond the Standard Model (BSM) theories. For this project, we proposed an

algorithm capable of achieving this by automatically calculating the leptonic tensor

of given processes. For the development of our algorithm, we utilized the Universal

FeynRules Output (UFO) [19] file format to obtain the relevant information of the

theory, and relied on the Lark package [20] and the Berends-Giele recursive rela-

tions [21] for proper parsing and computation of the leptonic tensors. To test our

program, we computed the numerical squared amplitudes and cross sections of three

SM processes: e−p+ → e−p+, νeνµ → e−µ+ and νep
+ → νep

+. While we got ex-

cellent agreement for the e−p+ → e−p+ case, our amplitudes and cross sections for

νeνµ → e−µ+ and νep+ → νep
+ still had some issues that need to be fixed. However,

as explained in Ch. 3, we should be able to correct these disagreements in our code

and recover the correct results for both processes. For the future, we hope to extend

our algorithm to deal with more complicated SM events such as the neutrino trident

process νµN → νµNµ
+µ− as well as with BSM theories. We will also seek to extend

our treatment of the proton as a particle with an internal structure to get results

more appropriate to the real behavior of these particles. Despite the shortcoming,

our preliminary results are promising for the continuation of this project.

87

Lopez Gutierrez: Automatic Leptonic Tensor Generation for BSM Theories

Published by DigitalCommons@Macalester College, 2021



REFERENCES

88

Macalester Journal of Physics and Astronomy, Vol. 9, Iss. 1 [2021], Art. 7

https://digitalcommons.macalester.edu/mjpa/vol9/iss1/7



78

REFERENCES

[1] Y. Fukuda et al. Measurement of the flux and zenith angle distribution of upward
through going muons by Super-Kamiokande. Phys. Rev. Lett., 82:2644–2648,
1999.

[2] Q.R. Ahmad et al. Direct evidence for neutrino flavor transformation from neu-
tral current interactions in the Sudbury Neutrino Observatory. Phys. Rev. Lett.,
89:011301, 2002.

[3] K. Eguchi et al. First results from KamLAND: Evidence for reactor anti-neutrino
disappearance. Phys. Rev. Lett., 90:021802, 2003.

[4] A. Aguilar, L. B. Auerbach, R. L. Burman, D. O. Caldwell, E. D. Church, A. K.
Cochran, J. B. Donahue, A. Fazely, G. T. Garvey, R. M. Gunasingha, R. Im-
lay, W. C. Louis, R. Majkic, A. Malik, W. Metcalf, G. B. Mills, V. Sandberg,
D. Smith, I. Stancu, M. Sung, R. Tayloe, G. J. VanDalen, W. Vernon, N. Wa-
dia, D. H. White, and S. Yellin. Evidence for neutrino oscillations from the
observation of νe appearance in a νµ beam. Phys. Rev. D, 64:112007, Nov 2001.

[5] G. Mention, M. Fechner, Th. Lasserre, Th. A. Mueller, D. Lhuillier, M. Cribier,
and A. Letourneau. Reactor antineutrino anomaly. Phys. Rev. D, 83:073006,
Apr 2011.

[6] Mona Dentler, Alvaro Hernandez-Cabezudo, Joachim Kopp, Michele Maltoni,
and Thomas Schwetz. Sterile neutrinos or flux uncertainties? — Status of the
reactor anti-neutrino anomaly. JHEP, 11:099, 2017.

[7] Mario A. Acero, Carlo Giunti, and Marco Laveder. Limits on νe and νe disap-
pearance from Gallium and reactor experiments. Phys. Rev. D, 78:073009, Oct
2008.

[8] Carlo Giunti and Marco Laveder. Statistical significance of the gallium anomaly.
Phys. Rev. C, 83:065504, Jun 2011.

[9] A. A. Aguilar-Arevalo, C. E. Anderson, S. J. Brice, B. C. Brown, L. Bugel, J. M.
Conrad, R. Dharmapalan, Z. Djurcic, B. T. Fleming, R. Ford, F. G. Garcia,
G. T. Garvey, J. Mirabal, J. Grange, J. A. Green, R. Imlay, R. A. Johnson,
G. Karagiorgi, T. Katori, T. Kobilarcik, S. K. Linden, W. C. Louis, K. B. M.
Mahn, W. Marsh, C. Mauger, W. Metcalf, G. B. Mills, C. D. Moore, J. Mousseau,
R. H. Nelson, V. Nguyen, P. Nienaber, J. A. Nowak, B. Osmanov, Z. Pavlovic,
D. Perevalov, C. C. Polly, H. Ray, B. P. Roe, A. D. Russell, R. Schirato, M. H.
Shaevitz, M. Sorel, J. Spitz, I. Stancu, R. J. Stefanski, R. Tayloe, M. Tzanov,
R. G. Van de Water, M. O. Wascko, D. H. White, M. J. Wilking, G. P. Zeller,
and E. D. Zimmerman. Event Excess in the MiniBooNE Search for νµ → νe
Oscillations. Phys. Rev. Lett., 105:181801, Oct 2010.

89

Lopez Gutierrez: Automatic Leptonic Tensor Generation for BSM Theories

Published by DigitalCommons@Macalester College, 2021



79

[10] A. A. Aguilar-Arevalo, B. C. Brown, L. Bugel, G. Cheng, J. M. Conrad, R. L.
Cooper, R. Dharmapalan, A. Diaz, Z. Djurcic, D. A. Finley, R. Ford, F. G.
Garcia, G. T. Garvey, J. Grange, E.-C. Huang, W. Huelsnitz, C. Ignarra, R. A.
Johnson, G. Karagiorgi, T. Katori, T. Kobilarcik, W. C. Louis, C. Mariani,
W. Marsh, G. B. Mills, J. Mirabal, J. Monroe, C. D. Moore, J. Mousseau,
P. Nienaber, J. Nowak, B. Osmanov, Z. Pavlovic, D. Perevalov, H. Ray, B. P.
Roe, A. D. Russell, M. H. Shaevitz, J. Spitz, I. Stancu, R. Tayloe, R. T. Thorn-
ton, M. Tzanov, R. G. Van de Water, D. H. White, D. A. Wickremasinghe, and
E. D. Zimmerman. Significant Excess of Electronlike Events in the MiniBooNE
Short-Baseline Neutrino Experiment. Phys. Rev. Lett., 121:221801, Nov 2018.

[11] C. Andreopoulos et al. The GENIE Neutrino Monte Carlo Generator. Nucl.
Instrum. Meth. A, 614:87–104, 2010.

[12] Tomasz Golan, Cezary Juszczak, and Jan T. Sobczyk. Final State Interactions
Effects in Neutrino-Nucleus Interactions. Phys. Rev., C86:015505, 2012.

[13] Y. Hayato. NEUT. Nucl. Phys. B Proc. Suppl., 112:171–176, 2002.

[14] O. Buss, T. Gaitanos, K. Gallmeister, H. van Hees, M. Kaskulov, O. Lalakulich,
A. B. Larionov, T. Leitner, J. Weil, and U. Mosel. Transport-theoretical De-
scription of Nuclear Reactions. Phys. Rept., 512:1–124, 2012.

[15] Ulrich Mosel. Neutrino event generators: foundation, status and future. J. Phys.
G, 46(11):113001, 2019.

[16] R. Acciarri et al. Long-Baseline Neutrino Facility (LBNF) and Deep Under-
ground Neutrino Experiment (DUNE): Conceptual Design Report, Volume 2:
The Physics Program for DUNE at LBNF. 12 2015.

[17] K. Abe et al. Physics potential of a long-baseline neutrino oscillation experiment
using a J-PARC neutrino beam and Hyper-Kamiokande. PTEP, 2015:053C02,
2015.

[18] P. Abratenko, C. Adams, M. Alrashed, R. An, J. Anthony, J. Asaadi, A. Ashke-
nazi, M. Auger, S. Balasubramanian, B. Baller, C. Barnes, G. Barr, M. Bass,
F. Bay, A. Bhat, K. Bhattacharya, M. Bishai, A. Blake, T. Bolton, L. Camil-
leri, D. Caratelli, I. Caro Terrazas, R. Carr, R. Castillo Fernandez, F. Cavanna,
G. Cerati, Y. Chen, E. Church, D. Cianci, E. O. Cohen, G. H. Collin, J. M.
Conrad, M. Convery, L. Cooper-Troendle, J. I. Crespo-Anadón, M. Del Tutto,
D. Devitt, A. Diaz, L. Domine, K. Duffy, S. Dytman, B. Eberly, A. Eredi-
tato, L. Escudero Sanchez, J. Esquivel, J. J. Evans, R. S. Fitzpatrick, B. T.
Fleming, D. Franco, A. P. Furmanski, D. Garcia-Gamez, V. Genty, D. Goeldi,
S. Gollapinni, O. Goodwin, E. Gramellini, H. Greenlee, R. Grosso, L. Gu,
W. Gu, R. Guenette, P. Guzowski, A. Hackenburg, P. Hamilton, O. Hen, C. Hill,
G. A. Horton-Smith, A. Hourlier, E.-C. Huang, C. James, J. Jan de Vries,
X. Ji, L. Jiang, R. A. Johnson, J. Joshi, H. Jostlein, Y.-J. Jwa, G. Karagiorgi,
W. Ketchum, B. Kirby, M. Kirby, T. Kobilarcik, I. Kreslo, I. Lepetic, Y. Li,
A. Lister, B. R. Littlejohn, S. Lockwitz, D. Lorca, W. C. Louis, M. Luethi,
B. Lundberg, X. Luo, A. Marchionni, S. Marcocci, C. Mariani, J. Marshall,
J. Martin-Albo, D. A. Martinez Caicedo, K. Mason, A. Mastbaum, V. Med-
dage, T. Mettler, J. Mills, K. Mistry, A. Mogan, J. Moon, M. Mooney, C. D.
Moore, J. Mousseau, M. Murphy, R. Murrells, D. Naples, P. Nienaber, J. Nowak,

90

Macalester Journal of Physics and Astronomy, Vol. 9, Iss. 1 [2021], Art. 7

https://digitalcommons.macalester.edu/mjpa/vol9/iss1/7



80

O. Palamara, V. Pandey, V. Paolone, A. Papadopoulou, V. Papavassiliou, S. F.
Pate, Z. Pavlovic, E. Piasetzky, D. Porzio, G. Pulliam, X. Qian, J. L. Raaf,
A. Rafique, L. Ren, L. Rochester, H. E. Rogers, M. Ross-Lonergan, C. Rudolf von
Rohr, B. Russell, G. Scanavini, D. W. Schmitz, A. Schukraft, W. Seligman,
M. H. Shaevitz, R. Sharankova, J. Sinclair, A. Smith, E. L. Snider, M. Soder-
berg, S. Söldner-Rembold, S. R. Soleti, P. Spentzouris, J. Spitz, M. Stancari,
J. St. John, T. Strauss, K. Sutton, S. Sword-Fehlberg, A. M. Szelc, N. Tagg,
W. Tang, K. Terao, M. Thomson, R. T. Thornton, M. Toups, Y.-T. Tsai, S. Tu-
fanli, T. Usher, W. Van De Pontseele, R. G. Van de Water, B. Viren, M. We-
ber, H. Wei, D. A. Wickremasinghe, K. Wierman, Z. Williams, S. Wolbers,
T. Wongjirad, K. Woodruff, W. Wu, T. Yang, G. Yarbrough, L. E. Yates, G. P.
Zeller, J. Zennamo, and C. Zhang. First Measurement of Inclusive Muon Neu-
trino Charged Current Differential Cross Sections on Argon at Eν ∼ 0.8 GeV
with the MicroBooNE Detector. Phys. Rev. Lett., 123:131801, Sep 2019.

[19] Celine Degrande, Claude Duhr, Benjamin Fuks, David Grellscheid, Olivier Mat-
telaer, and Thomas Reiter. UFO - The Universal FeynRules Output. Comput.
Phys. Commun., 183:1201–1214, 2012.

[20] Lark Parsing Library & Toolkit. Lark. https://github.com/lark-parser/
lark, 2017.

[21] Frits A. Berends and W.T. Giele. Recursive Calculations for Processes with n
Gluons. Nucl. Phys. B, 306:759–808, 1988.

[22] Michael E Peskin and Daniel V Schroeder.
An introduction to quantum field theory. Westview, Boulder, CO, 1995.
Includes exercises.

[23] David J. Griffiths and Darrell F. Schroeter. Introduction to Quantum Mechanics.
Cambridge University Press, 3 edition, 2018.

[24] Andrew J. Larkoski. Elementary Particle Physics: An Intuitive Introduction.
Cambridge University Press, 2019.

[25] Paul Dirac. The quantum theory of the electron. Proc. R. Soc. Lond.,
117:610–624, 1928.

[26] Neil D. Christensen and Claude Duhr. FeynRules - Feynman rules made easy.
Comput. Phys. Commun., 180:1614–1641, 2009.

[27] Tanju Gleisberg and Stefan Hoeche. Comix, a new matrix element generator.
JHEP, 12:039, 2008.

[28] Stefan Höche, Silvan Kuttimalai, Steffen Schumann, and Frank Siegert. Beyond
Standard Model calculations with Sherpa. Eur. Phys. J. C, 75(3):135, 2015.

[29] P. A. Zyla et al. Review of Particle Physics. PTEP, 2020(8):083C01, 2020.

[30] R Kleiss, W.J Stirling, and S.D Ellis. A new monte carlo treatment of mul-
tiparticle phase space at high energies. Computer Physics Communications,
40(2):359–373, 1986.

91

Lopez Gutierrez: Automatic Leptonic Tensor Generation for BSM Theories

Published by DigitalCommons@Macalester College, 2021

https://github.com/lark-parser/lark
https://github.com/lark-parser/lark

